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Abstract
An a priori analysis of subgrid-scale pressure in high pressure combustion is
carried out using three different flow fields obtained by direct numerical simulation
(DNS). The simulations directly solve the Navier-Stokes equations of high pressure,
transitionalH2/O2 mixing and reacting shear layers employing a cubic Peng-Robinson
real gas state equation. Detailed chemistry, multicomponent, differential, and cross
diffusion are included. The results are analyzed to provide subgrid information rele-
vant to Large Eddy Simulation (LES) of turbulent combustion. The analysis includes
a detailed comparison of the actual filtered pressure with its corresponding form evalu-
ated with the filtered primitive variables. Although negligible for purely mixing cases,
the gradient of the subgrid pressure is shown to be of the same order, or larger than,
the corresponding divergence of the turbulent subgrid stresses for reacting cases. This
is despite the fact that all species behave essentially as ideal gases for this flame. The
analysis is conducted through both a global perspective, as well as by conditioning on
specific regions of the flame; including regions of large subgrid kinetic energy, large
subgrid scalar dissipation, large temperature, etc., in order to isolate its effect within
certain regions of the flame. The results indicate that subgrid pressure modeling can
be important for accurate LES. A dynamic similarity model for the subgrid pressure
is therefore introduced and shows substantial improvement in predicting the filtered
pressure for reacting flows. However, its improvement is diminished when considering
ii
the pressure gradient.
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Chapter 1
Introduction
Because of ongoing advances in computational ability, numerical simulation
has played an increasingly significant role in analyzing reacting flows; especially under
supercritical conditions too costly and complex to be widely studied using experimen-
tal methods. Direct numerical simulation (DNS), an example of one such numerical
simulation, directly solves all spatial and temporal scales of a flow providing the most
accurate flow field information currently available. Much research effort has been
focused on using this method to study both non-reacting [36, 54, 26] and reacting
flows [62, 15, 53, 34, 37]. However, while DNS is acurate, it requires extensive compu-
tational time and resources. To capture the turbulent motions in all scales, the grid
size and time step scale in order of Re−9/4 and Re−3/2, respectively. Meaning, even
to calculate a small region with a Reynold’s number less than 103, millions of grid
points are needed and the code can run for long time. As a result, DNS is typically
used only to simulate a small region in specific research flows.
To simulate practical flows, which are accompanied by high Reynold’s num-
bers and complex geometry, Reynolds Averaged Navier-Stokes (RANS) and Large
Eddy Simulation (LES) are the methods most frequently used. RANS can save much
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computational effort by calculating only the mean flow field, with effects of the fluc-
tuations being estimated using various model. However, one of RANS’s weakest areas
is turbulent combustion is due to the highly non-linear nature of chemical reaction
rates. In contrast, LES is a relatively less used method that has received much aca-
demic attention since the early 1990s [8, 30, 23, 35, 17, 57, 60, 61]. Compared with
RANS, LES can predict scalar dissipation rates more accurately [45, 44, 50], which
consequently result in a more accurate chemical reaction rate estimation. As a re-
sult LES is generally considered as a more promising pratical method than DNS and
RANS.
In LES, each instantaneous variable is decomposed into a “resolved” scale plus
a subgrid scale fluctuating component, mathematicaly represented by, Φ = Φ¯ + Φ′.
The filtered variable, Φ¯, is mathematically defined in Eq. (1.1):
Φ¯(x) =
∫
Ω
Φ(x
′
j)G(xj − x
′
j)dx
′
j (1.1)
where G(xj) represents the filter kernel defined over the domain, Ω. Similar to a
PDF, G(xj) must integrate to unity. The most common form is a spatially local
“box” filter. Compressible flows use the concept of Favre filtering, which is a density-
weighted filter related to the standard filter represented by the expression, Φ˜ = ρΦ/ρ¯.
Then the variables can be decomposed by Favre filtering, mathematically represented
as Φ = Φ˜ + Φ′′.
The full compressible Navier-Stokes governing equations are:
∂ρ
∂t
+
∂
∂xj
[ρuj] = 0 (1.2)
∂
∂t
ρui +
∂
∂xj
[ρuiuj + Pδij − τij] = 0 (1.3)
2
∂∂t
ρet +
∂
∂xj
[(ρet + P )uj − uiτij +QBKj +
N∑
α=1
H,αJj,α] = Se (1.4)
∂
∂t
ρYα +
∂
∂xj
[ρYαuj + Jj,α] = SYα (1.5)
where subscript i and j are vectors in physical space, t the time, xj the spatial co-
ordinate vector, ρ the mixture density, P the pressure, et the total energy, δij the
Kronecker delta tensor, τij the (Newtonian) viscous stress tensor, QBKj the Bearman-
Kirkwood form of the heat flux vector, Jj,α the mass flux vector for species α,∑N
α=1H,αJj,α the enthalpy flux (N being the total number of species), S the chemical
reaction source term, Yα the mass fraction for specie α. By filtering these equations,
the LES governing equations are:
∂ρ¯
∂t
+
∂ρ¯u˜j
∂xj
= 0 (1.6)
∂ρ¯u˜i
∂t
+
∂ρ¯u˜iu˜j
∂xj
= −∂P (Ψ¯)
∂xi
+
∂τij(Ψ¯)
∂xj
− ∂
∂xi
[P (Ψ)−P (Ψ¯)] + ∂
∂xj
[τij − τij(Ψ¯)]− ∂Πij
∂xj
(1.7)
∂ρ¯e˜t
∂t
+
∂ρ¯e˜tu˜j
∂xj
= −∂P (Ψ¯)u˜j
∂xj
+
∂u˜iτij(Ψ¯)
∂xj
− ∂QBKj(Ψ¯)
∂xj
+
∂
∂xj
[
N∑
α=1
H,αJj,α] +Se (1.8)
− ∂
∂xj
[QBKj −QBKj(Ψ¯)] +
∂
∂xj
[uiτij − u˜iτij(Ψ¯)] (1.9)
− ∂
∂xj
[ρ¯e˜tuj − ρ¯e˜tu˜j]− ∂
∂xj
[P (Ψ)− P (Ψ¯)]u˜j (1.10)
∂ρ¯Y˜α
∂t
+
∂ρ¯Y˜αu˜j
∂xj
= −∂Jj,α(Ψ¯)
∂xj
+SYα−
∂
∂xj
[ρ¯Y˜αuj− ρ¯Y˜αu˜j]− ∂
∂xj
[Jj,α−Jj,α(Ψ¯)] (1.11)
where P (Ψ) the filtered pressure, which is calculated by directly filtering pressure;
The resolved pressure P (Ψ¯) is calculated by the filtered primitive variables; The
subgrid turbulent stress Πij is calculated by Πij = ρ¯(u˜iuj − u˜iu˜j). Noted that, we
specify Ψ to represent the primitive variables (eg. density ρ, velocity vector ui, energy
3
et, and mass fraction Yα). In contrast,Ψ¯ represents the set of appropriatedly filtered
primitive variables (eg. ρ¯, u˜i, e˜t, Y˜α), while Φ(Ψ¯) represents a variable calculated
from the filtered primitive variables (eg. P (Ψ¯), T (Ψ¯)).
Equations (1.6) - (1.11) yield several unclosed terms, including the subgrid tur-
bulent stress divergence ∂Πij
∂xj
, subgrid viscous term ∂
∂xj
[τij − τij(Ψ¯)], subgrid pressure
dilatation ∂
∂xj
[P (Ψ)− P (Ψ¯)]u˜j, the filtered chemical reaction source term S˜, subgrid
heat flux ∂
∂xj
[QBKj −QBKj(Ψ¯)], subgrid convective energy ∂∂xj [ρ¯e˜tuj − ρ¯e˜tu˜j], subgrid
viscous energy ∂
∂xj
[u˜iτij−u˜iτij(Ψ¯)], and subgrid mass flux ∂∂xj [Jj,α−Jj,α(Ψ¯)], that may
require modeling as they contain unresolved information about the subgrid scales. Of
these unclosed terms, the filtered chemical reaction rate, S˜Yα , and subgrid turbulent
stresses, Πij , have received the most attention. The most frequently used methods to
model the chemical reaction term are the Laminar Flamelet and Probability Density
Function methods, both of which have been found to predict the chemical reaction
rate reasonably accurately for near equilibrium flames [40, 48, 47, 49, 4]. For other
subgrid terms, the dynamic/similarity method is often used [14, 6, 43, 56, 31, 2, 5, 20].
In addition to these unclosed terms, the filtered pressure, P (Ψ), may also be
an unknown term depending on the formulation, because it requires the value of the
instanstaneous primitive variables, Ψ, which LES cannot provide. One exception is
the single species ideal gas law for which P (Ψ) = ρ¯RT˜ , [eg. P (Ψ) = P (Ψ˜)], where
R is the universal gas constant. Few previous studies regarding the filtered pressure
in the momentum equation exist; most of them simply assume it equals the resolved
pressure, P (Ψ¯), and thus their difference [P (Ψ) − P (Ψ˜)] is neglected with no clear
justification. However, the subgrid pressure may have a significant effect on the
combustion process due to its multicomponent nature [18, 32, 24, 29, 27, 28, 19].
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For ideal gas mixtures:
P = ρ(
∑
α=1
Yα/Mα)RT, (1.12)
where Mα is the molecular weight of species α, and the summation is over all species.
When filtering Eq. (1.12), the term
∑N
α=1 Yα/Mα can no longer be removed from the
filtering operation. Therefore, the above assumption may not hold. In this case:
P (Ψ) = ρ¯(
N∑
α=1
Y˜α
Mα
)RT˜ + Psgs (1.13)
where Psgs is defined as the difference between P (Ψ) and P (Ψ¯)
(
P (Ψ¯) = ρ¯(
∑N
α=1
Y˜α
Mα
)RT˜
)
.
In high pressure compressible flows, subgrid pressure effects may be even
stronger due to the use of real gas state equations [11]. This is because real gas
state equations for mixtures are often complex and may be highly nonlinear. For this
work, the Peng-Robinson (PR) equation of state (EOS) is used:
P (Ψ) =
RT
v −Bm −
Am
v2 + 2vBm −B2m
, (1.14)
v =
∑
αXαMα
ρ
, (1.15)
Xα =
Yα/Mα
(
∑
α=1
Yα
Mα
)
, (1.16)
where v is the specific mole volume, Xα the species mole fraction; and the temperature
is T . The temperature is calculated by an iterative Newton-Raphson scheme [10], as
it is represented by an implicit function of the density, species mass fractions, and
internal energy [T = f(ρ, Yα, (et − 12uiui)]. The mixture parameters Am and Bm are
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calclulated by the following mixing rules [16, 33]:
Am =
∑
α
∑
β
XαXβAαβ, (1.17)
Bm =
∑
α
XαBα, (1.18)
Aαβ = 0.457236(RT
c
αβ)
2
[
1 + Cαβ
(
1−
√
T/T cαβ
)]2
/P cαβ , (1.19)
Bα = 0.077796 RT
c
αα/P
c
αα , (1.20)
Cαβ = 0.37464 + 1.54226Ωαβ − 0.26992Ω2αβ , (1.21)
where the superscript c indicates critical properties. The diagonal elements of the
critical matrices are equal to their pure substance counterparts; eg. T cαα = T
c
α, P
c
αα =
P cα, and Ωαα = Ωα, where Ωα is the acentric factor of species α. The off-diagonal
elements are evaluated as follows:
T cαβ =
√
T cααT
c
ββ(1− kαβ), P cαβ = Zcαβ(RT cαβ/vcαβ), (1.22)
vcαβ =
1
8
[
(vcαα)
1/3 +
(
vcββ
)1/3]3
, Zcαβ =
1
2
(
Zcαα + Z
c
ββ
)
, Ωαβ =
1
2
(Ωαα + Ωββ) ,
(1.23)
where the diagonal elements of each of the above symmetric matrices are also equal
to the pure substance values. The binary interaction parameter, kαβ, is a function of
the species being considered and is taken to be kαβ = 0.1 for α 6= β and kαα = 0.
Then the filtered pressure, P (Ψ), is calculated by directly filtering Eq. (1.14)
as:
P (Ψ) =
RT
v −Bm −
Am
v2 + 2vBm −B2m
, (1.24)
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and the resolved pressure, P (Ψ¯), is calculated by the “resolved” primitive variable as:
P (Ψ¯) =
RT (Ψ¯)
v(Ψ¯)−Bm(Ψ¯) −
Am(Ψ¯)
v(Ψ¯)2 + 2v(Ψ¯)Bm(Ψ¯)−Bm(Ψ¯)2 , (1.25)
v(Ψ¯) =
∑
αXα(Ψ¯)Mα
ρ¯
, (1.26)
Xα(Ψ¯) =
Y˜α
Mα(
∑
α=1
Y˜α
Mα
)
, (1.27)
Am(Ψ¯) =
∑
α
∑
β
Xα(Ψ¯)Xβ(Ψ¯)Aαβ , (1.28)
Bm(Ψ¯) =
∑
α
XαBα , (1.29)
where T (Ψ¯) is the “resolved” temperature calculated from Favre filtered internal
energy and species mass fracction [i.e. T (Ψ¯) = f(Y˜α, e˜t− 12 u˜iu˜i)], v(Ψ¯) the “resolved”
specific mole volume, Xα(Ψ¯) the “resolved” mole fraction, Am(Ψ¯) and Bm(Ψ¯) the
“resolved” mixture parameters.
Therefore, in high pressure compressible reacting flows, the filtered pressure
calculted from Eq. (1.24) could be significantly different from the resolved pressure
evaluated from Eq. (1.25). As a result, it is not suitable to assume simply that the
resolved pressure is equal to the filtered pressure. To further quantify the difference
between the filtered pressure and resolved pressure, this work divides the filtered
pressure into two terms; the resolved pressure, P (Ψ¯), and the subgrid pressure, Psgs =
P (Ψ)− P (Ψ¯):
P (Ψ) = P (Ψ¯) + Psgs. (1.30)
Furthermore, even if the subgrid pressure is small enough to be neglected, the filtered
pressure gradient [∂P (Ψ)/∂xi] may be different from the resolved pressure gradient
[∂P (Ψ¯)/∂xi]. It is the gradient of Psgs that directly appears in the LES momentum
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equation [Eq. (1.7)]. Derivatives enhance small length scale features being propor-
tional to the wave number in the spectral domain. As Psgs is a small scale quantity,
its relative gradient is expected to be amplified. Selle et al. [58] also empoyed the
Peng-Robinson state equation for high pressure DNS. They have demonstrated the
significance of this term in a supercritical binary mixing flow, and developed a model
based on the Taylor series expansion of the EOS. The model results were accurate for
small filter widths, but its performance decreased as the filter width increased. They
also stated that the model is too complex for application in an actual LES. No other
investigation of the subgrid pressure for real gas equations of state, in either mixing
or reacting flows, are known to the authors.
The primary objective of the present work is to conduct a priori analyses of
the filtered pressure, the subgrid pressure, and associated primitive variables, both
in the mixing flow and reacting flows based on the DNS data provided by Foster
and Miller [10, 12]. Based on the a priori analyses, a subgrid pressure model is also
proposed.
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Chapter 2
DNS database and approach
The specific interest of this work is the relative effect of the subgrid pressure
in LES of turbulent reacting flows. As an example flow field, a previously computed
DNS database for a temporally developing reacting shear layer is considered [12].
The DNS governing equations used here include real gas effects, detailed chemistry,
and multicomponent, differential, and cross diffusion [10, 12]. The chemical reaction
is calculated by a detailed 19-step, 8 species (H2, O2, H2O, OH, H, O, HO2, and
H2O2) chemical mechanism by Sohn et al. [59], shown in Table 2.1.
As shown in Fig. 2.1, the computational domain is a non-premixed hydrogen-
oxygen temporally developing shear layer, with the oxygen stream at the top and
hydrogen stream at the bottom, flowing in opposite directions. The initial vorticity
thickness, δω0, is calculated by δω0 = | ∆U0<∂u1/∂x2>max |, where the brackets indicate
averaging over homogeneous x1 - x3 planes, and ∆U0 is the velocity difference across
the two streams ∆U0 =
U1−U2
2
. The different initial conditions used for the a priori
analysis are summarized in Table 2, where ∆1 is the uniform grid spacing in the x1
direction, Ni the number of grid points in i direction,Mc,0 the initial convective Mach
number, Re0 the initial Reynolds number defined as Re0 = ∆U0δω0ρ0/µ0, where ρ0
9
ID Reaction A[cm.mole.s] β Ea[kJ/mole]
1 O2 +H ⇀↽ OH +O 2.00× 1014 0.00 70.30
2 H2 +O ⇀↽ OH +H 5.06× 104 2.67 26.30
3 H2 +OH ⇀↽ H2O +H 1.00× 108 1.60 13.8
4 OH +OH ⇀↽ H2O +O 1.50× 109 1.14 0.42
5 H +H +M ⇀↽ H2 +M 1.80× 1018 -1.00 0.00
6 H +OH +M ⇀↽ H2O +M 2.20× 1022 -2.00 0.00
7 O +O +M ⇀↽ O2 +M 2.90× 1017 -1.00 0.00
8 H +O2 +M ⇀↽ HO2 +M 2.30× 1018 -0.80 0.00
k∞ 4.52× 1013 0.00 0.00
9 HO2 +H ⇀↽ OH +OH 1.50× 1014 0.00 4.20
10 HO2 +H ⇀↽ H2 +O2 2.50× 1013 0.00 2.90
11 HO2 +H ⇀↽ H2O +O 3.00× 1013 0.00 7.20
12 HO2 +O ⇀↽ OH +O2 1.80× 1013 0.00 -1.70
13 HO2 +OH ⇀↽ H2O +O2 6.00× 1013 0.00 0.00
14 HO2 +HO2 ⇀↽ H2O2 +O2 2.50× 1011 0.00 -5.20
15 OH +OH +M ⇀↽ H2O2 +M 3.25× 1022 -2.00 0.00
k∞ 7.45× 1013 -0.37 0.00
16 H2O2 +H ⇀↽ H2 +HO2 1.70× 1012 0.00 15.70
17 H2O2 +H ⇀↽ H2O +OH 1.00× 1013 0.00 15.00
18 H2O2 +O ⇀↽ OH +HO2 2.80× 1013 0.00 26.80
19 H2O2 +OH ⇀↽ H2O +HO2 5.40× 1012 0.00 4.20
Table 2.1: Detailed chemical kinetic mechanism for H2/O2 combustion [59] and cor-
responding forward reaction constants: kr = AT
βexp(−EA/RT ). Third body effi-
ciencies: H2 = 1.00, O2 = 0.35, H2O = 6.5. Reaction rate coefficients dependent on
pressure are calculated as kr = k∞k0[M ]/(k∞ + k0[M ]) where k0, and k∞ are the low
and high pressure reaction rate coefficients, respectively.
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and µ0 are the average density and viscosity of each free stream value, respectively.
The procedure for solving these equations can be found in Foster and Miller [10,
39]. In summary, the time derivatives are solved by a fourth order Runge-Kutta
integration routine and the spatial derivatives are solved by an eighth order central
explicit finite difference method. Tenth order filtering is also applied at each Runge-
Kutta stage to reduce spurious oscillations in the solution. Parallelization is achieved
by incorporating the Message Passing Interface (MPI) routines to decompose the
computational domain in all three directions. Simulations were conducted on Clemson
University’s “Palmetto Cluster,” and the simulations used up to 2,016 processing
cores each. Both reacting and purely mixing simulations are considered at Reynolds
numbers ranging from 850 - 2500. Simulation parameters are provided in Table 2
A spherical top-hat filter is applied to the DNS data to provide both the
resolved LES field as well as the subgrid information which would be unavailable in
an actual LES. It can be mathematically represented by:
G˜(xj − x′j) =


1
pi∆3/6
|xj − x′j| ≤ ∆/2
0 |xj − x′j| > ∆/2
(2.1)
The filtered pressure, P (Ψ), is evaluated by directly filtering the actual DNS pressure;
while the resolved pressure, Pr = P (Ψ¯), is calcutated by Eqs. (1.25) - (1.29) as a
function of the appropriately filtered primitive variables; and the subgrid pressure is
calculated by Psgs = P (Ψ)−Pr = P (Ψ¯). It is reasonable to assume that large unclosed
terms in the filtered DNS data may require modeling [58, 21, 9, 3] in an actual LES.
To investigate the effects of the filter width on the subgrid scales, the filter width, ∆,
used in this analysis is 5∆1, 11∆1, and 25∆1, respectively, where ∆1 is the uniform
DNS grid size in the x1 direction. The corresponding filter widths nondimensionized
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by the initial vorticity thickness (δω0) are ∆/δω0 ≈ 0.6, ∆/δω0 ≈ 1.2, and ∆/δω0 ≈ 3.0,
repectively.
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Figure 2.1: Computational domain.
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Figure 2.2: Instantaous centerline countours of the temperature distribution in [K]
at t∗ = 115, for the Re0 = 2500 reacting flow DNS, and relative filter widths.
MIX1 REACT1 REACT2
Species1 O2 O2 O2
Species2 H2 H2 H2
Reacting No Yes Yes
T0(K) 700 700 700
P0(atm) 100 100 100
Re0 2000 850 2500
Mc,0 0.35 0.35 0.35
Grid points 3.42 ∗ 107 3.42 ∗ 107 1.35 ∗ 108
N1 384 384 560
N2 384 384 720
N3 232 232 336
Table 2.2: Simulation parameters for the supercritical temporally mixing/reacting
shear layer database.
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Chapter 3
Subgrid analysis
The unclosed terms in Eqs. (1.6) - (1.11) include the filtered heat flux, QBKj ,
filtered mass flux, Jj,α, and the filtered pressure, P (Ψ). The first two terms have
recently been disscused by Korucu et al. [25] and Foster et al. [12]. To study the
pressure’s effects on the reacting shear layer, the first part of this work is to provide
a detailed disscusion of the filtered pressure P (Ψ), as it directly influences the flow
field and combustion process. More specifically, a detailed comparison of the filtered
pressure, P (Ψ), and corresponding resolved pressure, P (Ψ¯), which is calculated by
the filtered primitive variables is conducted. Then this work continues the analyses
to the subgrid pressure [Psgs = P (Ψ)− P (Ψ¯)] and to the corresponding gradients of
these terms.
However, before beginning the analyses of the filtered pressure, it is first useful
to provide a “map” of the flames considered in this study. This is done by plotting
pertinent variables as a function of the mixture fraction. These results will further
be used to explain consequent results of the filtered pressure analyses. The mixture
fraction φ is an important parameter in both non-premixed mixing and reacting flows.
The mixture fraction is a conserved scalar which singly indicates the relative amount
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of mixing present in a flow. Many combustion models are based on the mixture
fraction and its relation to product species concentrations and flame temperatures.
For present purposes, the mixture fraction is defined as:
φ =
sY H2 − Y O2 + Y O20
sY H20 + Y
O2
0
, (3.1)
where 0 ≤ φ ≤ 1, s represents the mass stoichiometry constant and is 0.5 in H2/O2
reaction (based on the simplified form H2 + 1/2O2 → H2O), Y H2 and Y O2 are the
local mass fraction values for the fuel (H2) and oxidizer (O2), respectively, and Y
H2
0
and Y O20 are the free stream mass fraction values, respectively. This definition yields
the boundary condition for the mixture fraction to be φ = 0 in the pure oxidizer
stream, and φ = 1 in the pure fuel stream. Intermediate values correspond to the
range of mixed states (see below). The stoichiometric mixture fraction for the H2/O2
reaction is ≈ 0.15 (see Fig. 3.1).
Figure 3.1 presents the normalized temperature vs. mixture fraction with a
filter width of ∆/δω0 ≈ 3. The maximum flame temperatures occur near the stoi-
chiometric mixture fraction (0.1 ≤ φ ≤ 0.2), with values near the adiabatic flame
temperature. However, in both reacting cases, significant scatter still exists in rich
fuel regions (0.2 ≤ φ ≤ 0.5), indicating that non-equilibrium combustion effects are
present in these regions. Figure 3.2 presents the major species mass fraction (Y H2O,
Y O2 , and Y H2) vs. mixture fraction. The maximum water mass fraction is related to
the stoichiometric region, which has little H2 and O2. Comparing with the Re0 = 850
reacting case, more significant scatter exists in the Re0 = 2500 reacting case; indicat-
ing the enhanced non-equilibrium effects.
The filtered mixture fraction variance, φ˜′′2, is one of the more important vari-
ables in reacting flow LES modeling. The scatter plots in Fig. 3.3 compare the mixture
15
fraction variance in the different Reynolds number reacting flows, with a filter size
of ∆/δω0 ≈ 3.0. The figure shows that large Reynolds number results in a larger
mixture fraction fluctuation. The more developed subgrid scale can be inferred from
the larger density of points across the span of the mixture fraction with Re0 = 2500
than Re0 = 850.
The filtered subgrid kinetic energy ksgs also gives insight to the extent of
development of the subgrid. It is mathematically defined as ksgs =
1
2
u˜
′′
i u
′′
j . Figure 3.4
represents the ksgs vs. φ, with a filter size of ∆/δω0 ≈ 3.0. The larger magnitude
suggests the subgrid turbulence is stronger as the Reynolds number became larger.
And the density of data points increases across the span of mixture fraction as the
Reynolds number becomes larger; indicating a more “active” subgrid.
Another subgrid variance is the subgrid temperature variance T˜ ′′2. As repre-
sented in Fig. 3.5, the higher Reynolds number flow has higher subgrid temperature
variance. Also, the high temperature variance occurs predominately in the region
where 0.1 ≤ φ ≤ 0.2, indicating enhanced subgrid temperature variance along the
flame zone.
The filtered subgrid mixture fraction dissipation is also a critical parameter in
LES subgrid modeling techniques. It can be mathemetically represented by:
χφ = −2J ′j,φ
∂φ′′
∂xj
, (3.2)
where J
′
j,φ is the subgrid mixture fraction diffusion flux vector. Physically, the filtered
subgrid mixture fraction dissipation is related to how convoluted the local mixture
fraction field is, as well as to the tendency to encounter local extinction and reignition.
In LES, the mixutre fraction and its dissipation rate are required to calculate the
filtered chemical reaction rate in many models [41, 46, 52, 51, 38]. The scatter plots in
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Fig. 3.6 present the filtered subgrid mixture fraction dissipation vs. mixture fraction,
with a non-dimensionalized filter width of ∆/δω0 ≈ 3.0. Both the larger maximum
value and larger density of points across the span of mixture fraction indicate that
stronger turbulence enhances the scalar mixing.
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Figure 3.1: Temperature profiles (T0 = 700K) vs. mixture fraction, conditioned on
0.01 ≤ φ ≤ 0.99, ∆/δω0 ≈ 3: (a) Re0 = 850, (b) Re0 = 2500.
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Figure 3.2: Major species mass fractions vs. mixture fraction, conditioned on 0.01 ≤
φ ≤ 0.99, ∆/δω0 ≈ 3: (a) Re0 = 850, (b) Re0 = 2500.
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Figure 3.3: Favre filtered mixture fraction variance vs. mixture fraction, conditioned
on 0.01 ≤ φ ≤ 0.99, ∆/δω0 ≈ 3: (a) Re0 = 850, (b) Re0 = 2500.
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Figure 3.4: Favre filtered kinetic energy vs. mixture fraction, conditioned on 0..01 ≤
φ ≤ 0.99, ∆/δω0 ≈ 3: (a) Re0 = 850, (b) Re0 = 2500.
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Figure 3.5: Favre filtered temperature variance vs. mixture fraction, conditioned on
0.01 ≤ φ ≤ 0.99, ∆/δω0 ≈ 3: (a) Re0 = 850, (b) Re0 = 2500.
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Figure 3.6: Filtered subgrid mixture fraction dissipation vs. mixture fraction, condi-
tioned on 0.01 ≤ φ ≤ 0.99, ∆/δω0 ≈ 3: (a) Re0 = 850, (b) Re0 = 2500.
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3.1 Filtered pressure
There are very few previous studies that address LES modeling analyses for
the subgrid pressure in high pressure, turbulent combustion. Most previous studies
assumed the filtered pressure, P (Ψ), is equal to the resolved pressure, P (Ψ¯). However,
Selle et al. [58] pointed out the potential importance of the difference between these
two terms, which is defined as subgrid pressure, in the high pressure binary mixing
shear layer. The subgrid analyses for the present work extends Bellan’s work into
the high pressure reacting shear layer. We begin by a disscusion of the exact filtered
pressure, P (Ψ), based on the scatter plots of raw data and corresponding correlation
coefficients. The filtered pressure is unknown in LES because it requires filtering the
pressure calculated by the instanstaneous primitive variable not available from LES,
and it may be different from the resolved pressure P (Ψ¯).
The following analyses are coducted both “globally” (0.01 ≤ φ ≤ 0.99, where
φ is the mixture fraction) and within locally defined regions of the flame. The
free stream regions where φ ≥ 0.99 and φ ≤ 0.01 have much smaller fluctuations
than the global region does, therefore they are not considered in this work. The
local regions are defined by conditionally filtering on: the stoichiometric conditions
(0.1 ≤ φ ≤ 0.2), elevated temperature regions (T/T0 ≥ 2), high OH reaction rate
regions
(
ω˙OH/E(ω˙OH) ≥ 2
)
, where E(Ψ) represents the expected value of Ψ within
0.01 ≤ φ ≤ 0.99), regions of high filtered scalar dissipation
(
χ˜φ/E(χ˜φ) ≥ 2
)
, large
subgrid kinetic energy
(
ksgs/E(ksgs) ≥ 2
)
, large filtered mixture fraction variance(
φ′′2/E(φ′′2) ≥ 2
)
, and large temperature variance
(
T˜ ′′2/E(T˜ ′′2) ≥ 2
)
. The reason
chosen for these conditional regions is as follows. As pointed out by Foster et al. [10],
in combustion the associated scalar gradients can be much larger than in pure mixing,
and turbulent flame dynamics are known to be sensitive to local phenomena (temper-
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ature variance, mixture fraction variance, dissipartion, etc.), including extinction and
reignition. Therefore, a purely global analysis may not be sufficient, and examining
those conditional regions mentioned can reveal important information about what is
occurring in different regions of the flame.
The raw data of the filtered pressure and resolved pressure are presented in
scatter form in Fig. 3.7; conditioned on each specific localized region. The data came
from two different flows; one is the mixing flow with Re = 2000 shown in the right
side figures, the other one is the reacting flow with Re = 2500 in the left side figures.
The symbol Pf represents the filtered pressure P (Ψ) and Pr represents the resovled
pressure P (Ψ¯). The filter width is ∆/δω0 ≈ 3 in all cases. In the right figures, one
can clearly observe that the resolved pressure is nearly identical to the filtered pres-
sure in the mixing flow; the scatters indicates a nearly one to one correspondence
between Pr and Pf . However, in the reacting flow, the resolved pressure is signifi-
cantly different from the filtered pressure. The resolved pressure both overpredicts
and underpredicts the filtered pressure; indicating a much more significant subgrid
pressure. Figure 3.7(e) indicates that the large filtered temperature variance regions
are characterized by large subgrid pressure. Recalling Fig. 3.5, the large Reynolds
number results in a larger magnitude and larger zones of subgrid temperature vari-
ance. Therefore, in the high Reynolds number reacting flows, the filtered pressure is
significantly different from the resolved pressure, which consequently indicates that
Psgs may be important for reacting flow LES.
To further study the filtered pressure, this work calculates the corresponding
correlation coefficients by the following formula
C(Pf , Pr) =
E[(Pfi − E(Pf )) (Pri − E(Pr))]√
E[(Pfi − E(Pf ))]2E[(Pri − E(Pr))]2
, (3.3)
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where E(Ψ) is the expected value of variable Ψ within the specific conditional regions.
Figure 3.8 shows the correlation coefficients of the filtered pressure and resolved pres-
sure calculated for varying filter widths (∆/δω0 = 0.6, 0.9, 1.4, 3.0) in both the global
and specified local regions. For ∆ = 0, the average value of a variable in a zero radial
sphere is equal itself (i.e. Ψ¯ = Ψ), therefore the filtered pressure equals the resolved
pressure and the correlation coefficients are unity in this limit.
Generally, in most of the conditional regions, as the filter width increases, the
correlations decrease; most significantly in the reacting flow with larger Re0 number.
This indicates that as the subgrid becomes more developed, modeling may become
required. However, the correlations do not always follow the monotonic trend in some
conditional regions in the low Reynolds number reacting flow. For example, Fig. 3.8(a)
presents C(Pf , Pr) in the reacting flow with Re0 = 850. In the three conditional re-
gions defined by large filtered subgrid mixture fraction dissipation
(
χ˜φ/E(χ˜φ) ≥ 2
)
,
large filtered subgrid kinetic energy
(
ksgs/E(ksgs) ≥ 2
)
, and large filtered subgrid
mixture fraction variance
(
φ˜′′2/E(φ˜′′2) ≥ 2
)
, the correlation shows an initial decrease
as the filter width increases, followed by a small increase as the filter width increases
to approximately larger than δω0. The reason is explained as follows. According to
Figs. 3.3, 3.4, and 3.6, the regions of large filtered subgrid mixture fraction variance,
subgrid kinetic energy, and subgrid mixture fraction dissipation are predominatly
within the rich side of the stoichiometric condition (φ ≥ 0.25). As the filter width
increases to relatively large values, the filtering operation includes a larger portion
of free stream points where the primitive variable variances are small, which conse-
quently increases the correlations. However, we cannot see this “jump“ in large Re0
number case. Because with the larger Re0 number, the turbulence is more developed
across the flame region, as a result, there are less “smooth” flow regions which would
increase the coefficients. However one can still observe that the correlations decrease
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much more slowly in the three conditional regions mentioned above.
On the other hand, the decreasing levels of the coefficients vary accroding
to the different conditional flame regions. The strongest dependence of correlation
coefficients on filter width is found in the region corresponding to high OH reaction
rate. The lowest correlations (≈ 0.55 for Re0 = 850, and ≈ 0.3 for Re0 = 2500) are
found when the largest filter width is applied in the high OH reaction rate region,
suggesting that subgrid contributions are most important along the flame front. Also,
the second strongest relation between correlation coefficient and filter width is found
in the region with large filtered subgrid temperature variance. This is not surpringsing
because the temperature directly and implicitly appears in both the two terms in the
right hand side of the Peng-Robison state equation.
3.2 Subgrid pressure
As disscused in the last chapter, the filtered pressure does not necessarily
equal the resolved pressure for reacting flows. Therefore, an analysis of the difference
between P (Ψ) and P (Ψ¯), which is defined as the subgrid pressure Psgs, is needed
both in the global region and conditional regions. To quantify the subgrid pressure,
Fig. 3.9 presents the probability density functions (PDFs) of the ratios of the absolute
value of the subgird pressure, Psgs, to the filtered pressure, P (Ψ), with a filter width
of ∆/∆1 = 25, in each conditional region for the three different flows. All the plots
display wider curves in the reacting cases than in the mixing cases, indicating the
subgrid pressure is more significant because of the chemical reaction. In addition,
the PDFs are similar in the two different reacting Reynolds numbers, indicating the
subgrid pressure may be relatively insensitive to the Reynolds number.
The PDF curves of Fig. 3.9 are not delta functions at Psgs/Pf = 0; indicating
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Figure 3.7: Scatter plots of Pf vs. Pr. The left side figures are reacting cases with
Re0 = 2500, while the right side figures are for the mixing case with Re0 = 2000,
∆/δω0 ≈ 3, conditioned on: (a) 0.01 ≤ φ ≤ 0.99, (b) 0.1 ≤ φ ≤ 0.2, (c) χ˜φ/E(χ˜φ) ≥ 2,
(d) ksgs/E(ksgs) ≥ 2, (e) T˜ ′′2/E(T˜ ′′2) ≥ 2, (f) φ˜′′2/E(φ˜′′2) ≥ 2.
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Figure 3.8: Correlation coefficients C(Pf , Pr) as a function of filter width, for reacting
cases, with (a) Re0 = 850 and (b) Re0 = 2500, conditioned on: (I) 0.01 ≤ φ ≤ 0.99,
(II) 0.1 ≤ φ ≤ 0.2, (III) T/T0 ≥ 2, (IV) ω˙OH/E(ω˙OH) ≥ 2, (V) χ˜φ/E(χ˜φ) ≥ 2, (VI)
ksgs/E(ksgs) ≥ 2, (VII) T˜ ′′2/E(T˜ ′′2) ≥ 2, and (VIII) φ˜′′2/E(φ˜′′2) ≥ 2.
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non-zero subgrid pressure values exist. However, in all cases the PDFs, are limited to
values only of order a few percent. Nevertheless, trends are apparent when examining
the locally conditioned regions. Near the stoichiometric region [Fig. 3.9(b)], large fil-
tered kinetic energy region [Fig. 3.9(d)], and large filtered temperature variance region
[Fig. 3.9(e)], the PDFs are similar in shape, with the peaks near zero and relatively
narrow widths. For the regions of large filtered subgrid mixture fraction dissipation
[Fig. 3.9(c)] and large filtered mixture fraction variance [Fig. 3.9(f)], the reacting cases
have asymmetric PDFs curves towards larger ratios of |Psgs|/P (Ψ). The span of the
ratios of |Psgs| and P (Ψ) is wider; indicating the magnitude of subgrid pressure is
significantly related to the mixture fraction variance and the subgrid mixture fraction
dissipation. However, the difference between the filtered pressure and the resolved
pressure is not very significant in this perspective, because the majority of ratios of
|Psgs| and P (Ψ) fall in the range of ∼ 1% in the mixing case and ∼ 1 − 13% in the
reacting cases.
Although the subgrid pressure is relatively small compared with the resolved
pressure, we still cannot simply neglect it, because the subgrid pressure influences the
flow field by its gradient [∂Psgs
∂xi
= ∂P (Ψ)−P (Ψ¯)
∂xi
]. In particular, even if the subgrid pres-
sure, Psgs = P (Ψ)−P (Ψ¯), can be neglected, the subgrid pressure gradient, ∂Psgs/∂xi,
may be much more significant as differentiation enhances small scale features. Selle
et al. [58] have suggested that the subgrid pressure gradient could contain 50% of
the resolved pressure gradient in a binary mixing shear layer. This work furthers the
analysis to reacting shear layers.
Figure 3.10 presents the PDFs of the ratios of the magnitude of the sub-
grid pressure gradient to the magnitude of the resolved pressure gradient in each of
the conditional regions, with a filter width of ∆/δω0 ≈ 3. Ideally, from a model-
ing perspective, the subgrid pressure would be small enough to be neglected, [i.e.
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|∂Psgs
∂xi
|/|∂P (Ψ¯)
∂xi
| = 0]. However, all plots display a wide distribution across the ratios of
|∂Psgs
∂xi
|/|∂P (Ψ¯)
∂xi
|. The peaks are located at ≈ 0.25 in the mixing flow and ≈ 1.0 in the
reacting flows, suggesting a similar magnitude between the subgrid pressure gradi-
ent and the resolved pressure gradient. These PDF curves indicate that the subgrid
pressure gradient is significant and can be ≈ 40% of the resolved pressure gradient
in the mixing case (similar to the results obtained in [58]). It is even larger in the
two reacting cases, because the chemical reaction generates larger scalar gradients
than in the purely mixing case. On the other hand, the PDFs are similar in different
Reynolds number reacting flows. It is not surprising, because as presented in Fig. 3.9,
for different Reynolds number reacting flows, the PDFs of the ratios of Psgs/Pr are
similar. Hence, the Reynolds number does not influence the subgrid pressure gradient
significantly.
For the regions related to the stoichiometric mixture fraction (0.1 ≤ φ ≤ 0.2),
large filtered subgrid mixture fraction dissipation (χα/E(χα) ≥ 2), large kinetic en-
ergy
(
ksgs/E(ksgs) ≥ 2
)
, and large filtered mixture fraction variance
(
φ˜′′2/E(φ˜′′2) ≥ 2
)
[Fig. 3.10(b), (c), (d), and (f)], the PDFs display similar shapes. There are only small
differences in width and magnitude; indicating the subgrid pressure distributions are
similar in these conditional regions. However, in contrast, the region corresponding
to the large filtered subgrid temperature variance
(
T˜ ′′2/E(T˜ ′′2) ≥ 2
)
[Fig. 3.10(e)]
displays much narrower PDFs with higher peaks again; implying the subgrid temper-
ature variance has an important contribution to the subgrid pressure gradient.
To further study the subgrid pressure gradient in each flow direction, Fig. 3.11
presents the PDF of the ratios of the subgrid pressure gradient component to the
resolved pressure gradient component, in the reacting flow (Re0 = 2500), with a filter
width ∆/∆1 = 25 (∆/δω0 ≈ 3). Similiar to the trend in Fig. 3.10, the subgrid pressure
gradient is of the same order or larger than the resolve pressure gradient in all flow
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directions. One new observation is that the majority of the flow is dominated by
components of the subgrid pressure gradient in the opposite direction to those of the
resolved pressure gradient. This may be due to the fact that, in most flame regions, the
resolved pressure overpredicts the filtered pressure (Fig. 3.7), therefore the resolved
pressure gradient is larger than the filtered pressure gradient and
∂Pf
∂xi
− ∂Pr
∂xi
= ∂Psgs
∂xi
≤
0. However, this remainsspeculative, and this issue is worthy of further investigation.
The subgrid pressure gradient is perhaps more importantly compared with the
subgrid turbulent stress divergence from a modeling perspective. Figure 3.12 presents
the PDFs of the ratio of the magnitude of the subgrid pressure gradient, |∂Psgs
∂xi
|, to
the magnitude of the subgrid turbulent stress divergence, |∂Πij
∂xj
|, with a filter width
of ∆/∆1 = 25. The global view of the mixing layer, 0.01 ≤ φ ≤ 0.99 [Fig. 3.12(a)],
shows that the subgrid pressure gradient is larger than the subgrid turbulent stress
divergence in all three different flows. The peaks are located at ≈ 0.5 in the mixing
case and ≈ 2 in the reacting cases. The PDF curves have asymmetric distributions
skewed towards large ratio of |∂Psgs
∂xi
|/|∂Πij
∂xj
|; further suggesting the importance of the
subgrid pressure. However, there is not a monotonic relation between the ratio of
|∂Psgs
∂xi
|/|∂Πij
∂xj
| and the Reynolds number. For larger Reynolds number, the subgrid
pressure gradient becomes relatively larger in the stoichiometric regions [0.1 ≤ φ ≤
0.2, Fig. 3.12(b)], but smaller in the regions related to the large filtered subgrid
mixture fraction dissipation [χφ/E(χφ) ≥ 2, Fig. 3.12(c)] and large filtered subgrid
temperature variance [T˜ ′′2/E(T˜ ′′2) ≥ 2, Fig. 3.12(e)], and barely changing in the other
two regions [ Fig. 3.12(d) and (f) ]. This may be due to the fact that although the
subgrid scales are more developed for larger Reynolds numbers, the subgrid pressure
gradient may not increase as much as the subgrid turbulent stress divergence in all
regions.
Tables 3.1, 3.2 and 3.3 continue the comparison of the subgrid pressure gradient
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components relative to other terms in the LES momentum equations. The magnitude
of each term in the momentum equation is calculated based on the L2 norm (||x|| =√
Σx2k/n), as used in previous research [58, 63]. This analysis is conducted in the
global region, where 0.01 ≤ φ ≤ 0.99, with two filter widths: ∆/δω0 ≈ 0.6 and
∆/δω0 ≈ 3. The results show that, in the mixing case, the subgrid pressure gradient
is at least of the same order as other terms [ie. as presented in Table. 3.3, it is
≈ 60% of ∂Π3j
∂xj
, and ≈ 12% of ∂ρ¯u˜1u˜j
∂xj
, with ∆/δω0 ≈ 0.6,]. When the chemical reaction
is involved, the subgrid pressure gradient becomes even larger, (ie. as presented in
Table. 3.3, for theRe0 = 2500 reacting case, the subgrid pressure gradient significantly
increases to almost twice the inertial term). This suggests that the subgrid pressure
gradient is significant and may need to be modeled in an actual LES. In addition, the
results show that the subgrid pressure gradient is significantly dependent on the filter
size. For example, in Table. 3.1, for the reacting case with Re0 = 2500, as the filter
width increases, the subgrid pressure gradient ∂Psgs
∂xi
increases from ≈ 80% to ≈ 95%
of ∂P (Ψ¯)
∂xi
and from ≈ 20% to ≈ 45% of the leading term, ∂ρ¯u˜1u˜j
∂xj
.
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Figure 3.9: PDFs of the ratios of |Psgs|/P (Ψ), ∆/δω0 ≈ 3, conditioned on: (a)
0.01 ≤ φ ≤ 0.99, (b) 0.1 ≤ φ ≤ 0.2, (c) χφ/E(χφ) ≥ 2, (d) ksgs/E(ksgs) ≥ 2,
(e) T˜ ′′2/E(T˜ ′′2) ≥ 2, (f) φ˜′′2/E(φ˜′′2) ≥ 2.
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Figure 3.10: PDFs of the ratios of |∂Psgs
∂xi
|/|∂P (Ψ¯)
∂xi
|, ∆/δω0 ≈ 3, conditioned on: (a)
0.01 ≤ φ ≤ 0.99, (b) 0.1 ≤ φ ≤ 0.2, (c) χφ/E(χφ) ≥ 2, (d) ksgs/E(ksgs) ≥ 2, (e)
T˜ ′′2/E(T˜ ′′2) ≥ 2, (f) φ˜′′2/E(φ˜′′2) ≥ 2.
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Figure 3.11: PDFs of the ratios of ∂Psgs
∂xα
/∂P (Ψ¯)
∂xα
for the reacting case with Re0 = 2500,
∆/δω0 ≈ 3, conditioned on: (a) 0.01 ≤ φ ≤ 0.99, (b) 0.1 ≤ φ ≤ 0.2, (c) T/T0 ≥ 2, (d)
ω˙OH/E(ω˙OH) ≥ 2, (e) χφ/E(χφ) ≥ 2, (f) ksgs/E(ksgs) ≥ 2, (g) T˜ ′′2/E(T˜ ′′2) ≥ 2, (h)
φ˜′′2/E(φ˜′′2) ≥ 2.
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Figure 3.12: PDFs of the ratios of |∂Psgs
∂xi
|/|∂Πij
∂xj
|, ∆/δω0 ≈ 3, conditioned on: (a)
0.01 ≤ φ ≤ 0.99, (b) 0.1 ≤ φ ≤ 0.2, (c) χφ/E(χφ) ≥ 2, (d) ksgs/E(ksgs) ≥ 2, (e)
T˜ ′′2/E(T˜ ′′2) ≥ 2, (f) φ˜′′2/E(φ˜′′2) ≥ 2.
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∆/δω0 ≈ 0.6 ∆/δω0 ≈ 3.0
x1 momentum MIX1 REACT1 REACT2 MIX1 REACT1 REACT2
∂ρ¯u˜1u˜j
∂xj
63.66 8.68 36.32 13.47 5.58 19.51
∂Prδ1j
∂xj
19.72 4.73 8.23 6.31 7.08 9.93
∂τ˜1j
∂xj
1.89 4.69 1.21 0.41 2.11 0.45
∂Π1j
∂xj
8.19 2.22 1.61 4.16 1.57 1.27
∂Psgsδ1j
∂xj
2.13 2.21 6.82 1.03 5.61 9.48
Table 3.1: L2 norm of components of the LES momentum equations. All values are
non-dimensionalized by P0/δω0 ∗ 10−3.
∆/δω0 ≈ 0.6 ∆/δω0 ≈ 3.0
x2 momentum MIX1 REACT1 REACT2 MIX1 REACT1 REACT2
∂ρ¯u˜2u˜j
∂xj
41.55 5.11 13.13 7.89 2.29 4.18
∂Prδ2j
∂xj
18.40 7.30 12.09 4.81 16.51 17.86
∂τ˜2j
∂xj
1.76 3.20 0.98 0.31 1.35 0.29
∂Π2j
∂xj
6.76 1.56 1.36 3.83 1.74 1.02
∂Psgsδ2j
∂xj
2.61 4.52 10.80 1.79 15.73 17.68
Table 3.2: L2 norm of components of the LES momentum equations. All values are
non-dimensionalized by P0/δω0 ∗ 10−3.
∆/δω0 ≈ 0.6 ∆/δω0 ≈ 3.0
x3 momentum MIX1 REACT1 REACT2 MIX1 REACT1 REACT2
∂ρ¯u˜3u˜j
∂xj
40.32 3.283 13.18 4.23 1.02 3.05
∂Prδ3j
∂xj
19.42 25.03 25.62 3.64 13.35 16.18
∂τ˜3j
∂xj
1.77 3.28 1.11 0.22 1.03 0.26
∂Π3j
∂xj
8.98 1.62 1.84 3.50 1.18 1.24
∂Psgsδ3j
∂xj
5.30 25.97 25.03 2.02 13.30 15.96
Table 3.3: L2 norm of components of the LES momentum equations. All values are
non-dimensionalized by P0/δω0 ∗ 10−3.
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Chapter 4
Subgrid Model
4.1 Motivation
The subgrid pressure, Psgs, which is the difference between the filtered pressure
and the resolved pressure [Psgs = P (Ψ) − P (Ψ¯)], is an unknown term in the LES
momentum equation, Eq. (1.7). As concluded in the last chapter, it is significant in
reacting flows and may need to be modeled in LES.
One of the most frequently used modeling technique in LES is the eddy-
viscosity method. The simplest linear eddy-viscosity model is the Smagorinsky model
(1963), which was originally used to model the subgrid turbulent stress τij:
Πij = −2νrS¯ij, (4.1)
νr = Cs(∆)
2|S¯|, (4.2)
S¯ij =
1
2
(
∂u¯i
∂xj
+
∂u¯j
∂xi
), |S¯| = 2(S¯ijS¯ij) 12 (4.3)
where S¯ij is the filtered strain rate, νr the eddy viscosity of the resolved flow field, and
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the Smagorinsky coefficient is Cs. This model is analogous to the gradient diffusion
hypothesis widely used in RANS as a model for the Reynolds stress tensor. In the
original “Smagorinsky model”, Cs was taken to be a constant ∼ 0.1. The main
drawback of the Smagorinsky model is that the ν calculated by the Eq. 4.2 is always
positive, and therefore, it cannot account for the local backscatter. The eddy viscosity
model is also very poorly correlated with the actual subgrid stresses.
Therefore, a “scale-similarity” model has been proposed. The scale-similarity
model is based on the assumption that the most active subgrid scales are those closest
to the cutoff wavenumber, and that the scales with which they interact are those
immediately above the cutoff wave number (Bardina et al., 1980 [1]). Bardina et
al. [1] suggest calculating the subgrid stresses as:
Πij = CL( ˜¯uiu¯j − ˜¯ui ˜¯uj) (4.4)
where ˜¯∆ represents a larger filter width (eg. ˜¯∆ =
√
2∆¯), and CL can be either
unity [64] or calculated by a dynamic method [55].
The dynamic method was first developed by Germano et al. (1991) [13], and is
originally used to calculate the Smagorinsky coefficient based on an algebraic identity
(Lij = Tij−Π˜ij), where Tij = u˜iuj−˜¯ui ˜¯uj represents the subgrid scale stress at test-level
filter levels (the test-level filter ˜¯∆ is typically twice the LES grid ∆¯); and the turbulent
stress appearing directly in the LES momentum equation is Πij = uiuj − u¯iu¯j. The
approach is based on the fact that the Leonard stress tensor, Lij, can be calculated in
an actual LES. Using the Smagorinsky method to close both of these two turbulent
stresses:
Πij − (δij/3)Πkk ≈ −2Cs∆¯2|S¯|S¯ij , (4.5)
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Tij − (δij/3)Tkk ≈ −2Cs∆˜2| ˜¯S| ˜¯Sij , (4.6)
substituting these two equations into the algebraic identity (Lij = Tij − Π˜ij), and
contracting with Sij gives:
Cs = −1
2
LklS¯kl
˜¯∆
2| ˜¯S| ˜¯SmnS¯mn − ∆¯2| ˜¯S| ˜¯SmnS¯mn
. (4.7)
The dynamic method can also be used to calculate the coefficient CL in the sim-
ilarity method [55]. The combination of the similarity method and the dynamic pro-
cedure refereed to as the dynamic/similarty method. The dynamic/similarty method
has been tested in many studies, and shows relatively good performance in modeling
subgrid stress [2, 6, 7, 14, 22, 56, 31, 28, 43, 42]. The subgrid model provided in this
work is an extension of the dynamic/similarity method to model the subgrid pressure.
The derivation is presented in the next subsection.
4.2 Subgrid model derivation
The derivation of the model proposed here follows similar procedures used in
Jaberi and Janes dynamic/similarity model of subgrid reaction rate [20]. Recalling
Eq. (1.30):
P (Ψ) = P (Ψ¯) + Psgs. (4.8)
Here, we proposed a similarity closure for this term:
Psgs ≈ C1[ ˜P (Ψ¯)− P ( ˜¯Ψ)], (4.9)
where ˜¯Ψ represent the grid-level filtering of the resolved variables Ψ¯. The grid-level
model coefficient, C1, is calculated by the dynamic procedure similar to the one used
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for the subgrid turbulent stresses. In the dynamic procedure, the resolved variables
Ψ¯ are filtered again with a test-level filter, Ψ̂, which is usually twice the grid-level
filter. Applying the test-level filtering on the filtered pressure and resolved primitive
variables:
̂
P (Ψ) = P ( ̂¯Ψ) + Psgs2, (4.10)
where Psgs2 is the test-level subgrid pressure. Using a closure similar to that in Eq.
(4.9) for Psgs2:
Psgs2 ≈ C2[
̂˜
P (Ψ¯)− P ( ̂¯˜Ψ)], (4.11)
where C1 is the test-level model coefficient. Using the Germano identity, one can
relate the two subgrid pressures as:
G = Psgs2 − P̂sgs
= [
̂
P (Ψ)− P (Ψ̂)]− [ ̂P (Ψ)− ̂P (Ψ)]
≈ C2[
̂˜
P (Ψ)− P ( ̂˜Ψ)]− Ĉ1[ ̂˜P (Ψ)− ̂P (Ψ˜)].
(4.12)
Assuming C1 = C2, C1 = Ĉ1, and minimizing the error in the least-squares sense:
G = ̂P (Ψ)− P (Ψ̂)
≈ C1[
̂
P (Ψ˜)− P ( ̂˜Ψ)], (4.13)
∂E2
∂C1
=
∂[ ̂P (Ψ)− P (Ψ̂)]− C1[ ̂P (Ψ˜)− P ( ̂˜Ψ)]2
∂C1
= 0, (4.14)
C1 =
̂P (Ψ¯)− P ( ̂¯Ψ)̂
P ( ˜¯Ψ)− P ( ̂¯˜Ψ) . (4.15)
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Finally, the modeled pressure, Pm, is represented in the form:
Pm = P (Ψ˜) + C1[
˜P (Ψ¯)− P ( ˜¯Ψ)] . (4.16)
In this work, LES, grid-level, and test-level filter widths of (3∆1, 3∆1, 6∆1),
(5∆1, 5∆1, 10∆1), and (12∆1, 12∆1, 24∆1), are examined. In order to calculate the
dynamic coefficient, C1, the DNS data are first filtered at LES filter widths to get Ψ¯.
Based on Ψ¯, the resolved pressure P (Ψ¯) is estimated. Then, P (Ψ¯) is filtered again
by either grid-level filter or test-level filters to get ˜P (Ψ¯) and ̂P (Ψ¯), respectively. At
the same time, Ψ¯ is also filtered again by either grid-level filter or test-levels filter to
get ˜¯Ψ and ̂¯Ψ, respectively. Substituting these two values into the Peng-Robinson real
gas state equation, P ( ˜¯Ψ) and P ( ̂¯Ψ) are calculated. The last step is filtering ˜¯Ψ and
P ( ˜¯Ψ) at test-level filters to calculate P ( ̂¯˜Ψ) and ̂P ( ˜¯Ψ), respectively.
4.3 Modeled pressure
The model is tested in both the mixing and the reacting flows. Testing is
performed both globally as well as in each conditional regions. The model is tested
in Fig. 4.16 by comparing scatter plots of both the modeled (right hand side) and
un-modeled pressure vs. the exact filtered pressure. The data correspond to the
Re0 = 2500 reacting case, conditioned on each specific localized region. The LES
filter width, the grid-level filter width, and the test-level filter width are 8∆1, 8∆1,
16∆1, respectively. In Fig. 4.1, all the filter levels are non-dimensionalized by the
initial vorticity thickness δω0, as ∆/δω0 ≈ 1.4, ∆˜/δω0 ≈ 1.4, and ∆̂/δω0 ≈ 2.8, respec-
tively. The right side figures represent the modeled pressure vs. the filtered pressure
to some extent, and the left side figures are the resolved pressure vs. the filtered
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pressure. Comparing the modeled and un-modeled pressure indicates that the model
can improve the pressure due to the reductions in scatter. However, the modeled
pressure still overpredicts and underpredicts the filtered pressure, especially in the
region related to the large filtered temperature variance [Fig. 4.1(g)]. This again
indicates that the temperature variance has a significant correlation to the subgrid
scale pressure.
To further compare the modeled pressure with the filtered pressure, we cal-
culate the corresponding correlation coefficients, and present the results in Fig. 4.2,
with varying LES filter width [∆/δω0 = (0, 0.4, 0.9, 1.4), ∆˜ = ∆, ∆̂ = 2∆], in each
conditional region. For ∆/δω0 = 0, ∆˜ = ∆̂ = 0, the DNS field is recovered and all cor-
relations are unity. Figure 4.2(a) presents the coefficients for the Re0 = 850 reacting
case, while Fig. 4.2(b) shows the data for the Re0 = 2500 reacting case. These figures
show that the modeled pressure is a substantially improved prediction of the filtered
pressure compared to neglecting the subgrid pressure. The coefficients increase almost
20% for the two reacting cases, indicating the model significant improves the pressure
prediction. In the Re0 = 2500 reacting case, the highest coefficients are found in
the regions having large subgrid kinetic energy
(
ksgs/E(ksgs) ≤ 2
)
, with the largest
filter width ∆/δω0 ≈ 1.4. The reason is explained as follows. The dynamic/similarity
model requires the assumption that the most active subgrid scales are those closer to
the cutoff and that the scales with which they interact are those immediately above
the cutoff wave number [1]. In the region related to the large subgrid kinetic en-
ergy, the subgrid scales are more developed, therefore the dynamic/similarity model
can improve the pressure prediction more significantly. For the region related to the
elevated temperature (T/T0 ≥ 2), the coefficient first increases then decreases as
the filter width increases. This occurs because the stoichiometric mixture fraction is
≈ 0.15 and, therefore the filter widths include free stream points which have little
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subgrid contributions. Finally, the model does show a decreased performance for large
Reynolds numbers (Figs. 4.2 and 4.3). Therefore, further examination is warranted.
To further quantify the difference between the modeled pressure and the fil-
tered pressure, the pressure error is defined as Perr = P (Ψ) − Pm. We calculate the
PDFs of the ratios of its absolute value to the filtered pressure, with ∆/δω0 ≈ 1.4,
∆˜/δω0 ≈ 1.4, and ∆̂/δω0 ≈ 2.8. The results are presented in Fig. 4.4. The open
symbols represent the ratios of subgrid pressure (Psgs = P (Ψ)−P (Ψ¯)) to the filtered
pressure, and the filled symbols represent the ratios of |Peer|/P (Ψ). The results in-
dicate that the Perr is smaller than the subgrid pressure. The corresponding PDFs
have a narrower width and the peaks shift to smaller ratios. In the regions having
large subgrid mixture fraction dissipation [Fig. 4.4(c)] and large filtered subgid ki-
netic energy [Fig. 4.4(d)], the model significantly decreases the subgrid pressure error
because the majority of the area lies under ratios less than 2%. However, in the
regions related to the large filtered temperature variance [Fig. 4.4(e)], the model does
not work as well. The PDF curves almost overlap; indicating the similarity closure
technique may not be as suitable for the subgrid pressure in these regions.
4.3.1 Modeled pressure gradient
In the LES momentum equation [Eq. (1.7)], the pressure actually appears in
its gradient form [∂P (Ψ¯)/∂xi]. Therefore, although the model developed in this work
can decrease the subgrid pressure error, we still need to test its effect on the actual
pressure gradient. Figure 4.5 presents the PDFs of the ratios of the magnitude of the
modeled pressure gradient to the magnitude of the filtered pressure gradient, for the
mixing and the reacting cases, with non-dimensionalized filter levels as ∆/δω0 ≈ 1.4,
∆˜/δω0 ≈ 1.4, ∆̂/δω0 ≈ 2.8. The filled symbols represent the ratio of |∂Pm∂xi |/|
∂P (Ψ)
∂xi
| ,
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Figure 4.1: Scatter plots of Pm vs. Pf (the right hand side figures), and Pr vs. Pf
(left side figures), ∆/δω0 ≈ 1.4, ∆˜/δω0 ≈ 1.4, ∆̂/δω0 ≈ 1.4, conditioned on: (a)
0.01 ≤ φ ≤ 0.99, (b) 0.1 ≤ φ ≤ 0.2, (c) T/T0 ≥ 2, (d) ω˙OH/E(ω˙OH) ≥ 2, (e)
χφ/E(χφ) ≥ 2, (f) ksgs/E(ksgs) ≥ 2, (g) T˜ ′′2/E(T˜ ′′2) ≥ 2, (h) φ˜′′2/E(φ˜′′2) ≥ 2.
48
∆ / δω0
C(
P f
,
P r
)
0 1 2 3
0.2
0.4
0.6
0.8
1
I
II
III
IV
V
VI
VII
VIII
(a) ∆ / δω0
C(
P m
,
P f
)
0 0.4 0.8 1.2
0.2
0.4
0.6
0.8
1
I
II
III
IV
V
VI
VII
VIII
∆ / δω0
C(
P f
,
P r
)
0 0.5 1 1.5 2 2.5 3
0.2
0.4
0.6
0.8
1
I
II
III
IV
V
VI
VII
VIII
(b)
∆ / δω0
C(
P f
,
P m
)
0 0.29 0.58 0.87 1.16 1.45
0.2
0.4
0.6
0.8
1
I
II
III
IV
V
VI
VII
VIII
Figure 4.2: Correlation coefficients, C(Pf , Pm) (right side figures) and C(Pf , Pr) (left
side figures), as a function of LES filter width, for reacting cases, with (a) Re0 = 850
and (b) Re0 = 2500, conditioned on: (I) 0.01 ≤ φ ≤ 0.99, (II) 0.1 ≤ φ ≤ 0.2, (III)
T/T0 ≥ 2, (IV) ω˙OH/E(ω˙OH) ≥ 2, (V) χα/E(χα) ≥ 2, (VI) ksgs/E(ksgs) ≥ 2, (VII)
T˜ ′′2/E(T˜ ′′2) ≥ 2, (VIII) φ˜′′2/E(φ˜′′2) ≥ 2.
49
∆ / δω0
Co
rr
el
at
io
n
Co
ef
fic
ie
n
t
0 0.29 0.58 0.87 1.16 1.45
0.2
0.4
0.6
0.8
1
Reacting, Re=850, C( Pf , Pm )
Reacting, Re=850, C( Pf , Pr )
Reacting, Re=2500, C( Pf , Pm )
Reacting, Re=2500, C( Pf, Pr )
Figure 4.3: Correlation coefficients of Pr and Pm, as a function of ∆, in global region
0.01 ≤ φ ≤ 0.99.
and the open symbols the ratio of |∂P (Ψ¯)
∂xi
|/|∂P (Ψ)
∂xi
|.
First, the PDFs in the reacting cases are much broader than in the mixing
case. Therefore, the subgrid pressure gradient is more important when the chem-
ical reaction is involved. Secondly, the plots indicate the model can improve the
pressure gradient somewhat becasue the PDFs of the ratios of |∂P (Ψ¯)
∂xi
| have narrower
widths with higher peaks near the unity. However, unfortunately, the widths are
still relatively large. The ratios of |∂Pm
∂xi
|/|∂P (Ψ)
∂xi
| can exceed 5 and be less than 0.5.
The modeled pressure gradient still both overpredicts or underpredicts the filtered
pressure gradient significantly, and the subgrid pressure gradient error [
∂(P (Ψ)−Pm)
∂xi
]
remains large.
Figure 4.6 presents the PDFs of the ratios of modeled pressure gradient com-
ponents to the filtered pressure gradient in each flow directions
(
∂Pm
∂xα
/∂P (Ψ)
∂xα
)
. All
the regions, except those of large filtered subgrid mixture fraction dissipation rate
[Fig. 4.6(e)] and large filtered temperature variance [Fig. 4.6(g)], show that the mod-
eled pressure gradient is closer to the filtered pressure gradient than the resolved
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Figure 4.4: PDF of the ratios of |Perr|/Pf and |Psgs|/Pf , ∆/δω0 ≈ 1.4, ∆˜/δω0 ≈ 1.4,
∆̂/δω0 ≈ 2.8, conditioned on: (a) 0.01 ≤ φ ≤ 0.99, (b) 0.1 ≤ φ ≤ 0.2, (c) χα/E(χα) ≥
2, (d) ksgs/E(ksgs) ≥ 2, (e) T˜ ′′2/E(T˜ ′′2) ≥ 2, (f) φ˜′′2/E(φ˜′′2) ≥ 2. The open symbols
represent |Psgs|/Pf , and the filled symbols represent |Perr|/Pf .
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pressure gradient. Nevertheless, the error remains large. In the regions having large
filtered subgrid mixture fraction variance and large filtered temperature variance, the
model provides almost no improvement. Again, differentiation amplifies small scale
effects; including subgrid scale modeling errors. Therefore, more work is needed to
develop a more accurate subgrid model for the subgrid pressure gradient.
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Figure 4.5: PDFs of the ratios of |∂Pm
∂xi
|/|∂P (Ψ)
∂xi
| and |∂P (Ψ¯)
∂xi
|/|∂P (Ψ)
∂xi
|, ∆/δω0 ≈ 1.4,
∆˜/δω0 ≈ 1.4, ∆̂/δω0 ≈ 2.8, conditioned on: (a) 0.01 ≤ φ ≤ 0.99, (b) 0.1 ≤ φ ≤ 0.2,
(c) χφ/E(χφ) ≥ 2, (d) ksgs/E(ksgs) ≥ 2, (e) T˜ ′′2/E(T˜ ′′2) ≥ 2, (f) φ˜′′2/E(φ˜′′2) ≥ 2.
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Figure 4.6: PDFs of the ratios of ∂Pm
∂xα
/∂P (Ψ)
∂xα
and ∂P (Ψ¯)
∂xα
/∂P (Ψ)
∂xα
, for the Re0 = 2500
reacting flow, ∆/δω0 ≈ 1.4, ∆˜/δω0 ≈ 1.4, ∆̂/δω0 ≈ 2.8, conditioned on: (a) 0.01 ≤
φ ≤ 0.99, (b) 0.1 ≤ φ ≤ 0.2, (c) T/T0 ≥ 2, (d) ω˙OH/E(ω˙OH) ≥ 2, (e) χφ/E(χφ) ≥ 2,
(f) ksgs/E(ksgs) ≥ 2, (g) T˜ ′′2/E(T˜ ′′2) ≥ 2, (h) φ˜′′2/E(φ˜′′2) ≥ 2.
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Chapter 5
Conclusions
This work presented an a priori analysis of the subgrid pressure in high pres-
sure temporally developing mixing and reacting shear layers based on the DNS data
provided by Foster et al. [10]. The subgrid pressure is typically neglected by most
previous studies without disscusion except for Selle et al. [58] who pointed out the
potential importance of the subgrid pressure in high pressure binary mixing shear
layers. This work extends the study into both high pressure reacting flows as well as
into localized regions of the flow field.
The current work provides valuable insight into the subgrid pressure and its
gradient relevant to LES. We found that for reacting flows, the chemical reaction
causes enhanced scalar gradients and much larger subgrid pressure compared to pure
mixing flows. The analyses were conducted both “globally” (0.01 ≤ φ ≤ 0.99, where
φ is the mixture fraction) and within locally defined regions of the flame; because
turbulent flame dynamic are known to be sensitive to local phenomena. The lo-
cal regions are defined by conditionally filtering on: the stoichiometric conditions
(0.1 ≤ φ ≤ 0.2), elevated temperature regions (T/T0 ≥ 2), high OH reaction rate
regions
(
ω˙OH/E(ω˙OH) ≥ 2
)
, where E(Ψ) represents the expected value of Ψ within
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0.01 ≤ φ ≤ 0.99), regions of high filtered scalar dissipation
(
χφ/E(χφ) ≥ 2
)
, large
subgrid kinetic energy
(
ksgs/E(ksgs) ≥ 2
)
, large filtered mixture fraction variance(
φ′′2/E(φ′′2) ≥ 2
)
, and large filtered temperature variance
(
T ′′2/E(T ′′2) ≥ 2
)
.
The filtered pressure P (Ψ) was compared with the resolved pressure P (Ψ¯); not-
ing that the difference between these two terms defines the unclosed subgrid pressure
[Psgs = P (Ψ)−P (Ψ¯)]. This study presented scatter plots and correlation coefficients
of these two pressures, PDFs of the ratio of the subgrid pressure to the filtered pres-
sure, PDFs of the ratios of the magnitude of the subgrid pressure gradient to the
magnitude of the filtered pressure gradient, and the L2 norm of each of the term in
the LES momentum equation at varying filter widths.
The analsis of the filtered pressure showed that it can be both overpredicted
and underpredicted by the resolved pressure; as large as 13% in the high Reynolds
number reacting flows. The difference between these two terms is significant especially
in the regions of the large filtered temperature variance, because the Peng-Robinson
real gas state equation is highly nonlinear and depends on the temperature. In these
regions, the subgrid pressure gradient was also found to be large; indicating the
temperature variance is signifcantly correlated to the subgird scale pressure. Both
the PDF and L2 norm reveal that the subgrid pressure gradient is of the same order,
or even larger than, other terms in LES momentum equation.
Therefore, this work explored a model based on the dynamic/similarity method
following the procedure in [20]. The model was derived and tested by evaluating both
the modeled pressure, and the modeled pressure gradient. Scatter plots, correlation
coefficients, and PDFs of the ratios of the model subgrid pressure to the filtered
pressure, suggest the model can significantly improve the pressure itself. However,
the improvment is substantially diminished when considering the pressure gradient
which appears directly in the LES equations. This occurs because differentiation
57
amplifies small scale phenomena and, therefore, magnifies pressure modeling errors.
This is unfortunately endemic to many LES models. Therefore, future work towards
a more accurate model is warranted.
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